In order to evaluate the reliability of a rigid-plastic method in estimating the earthquake displacement ductility demand, the present paper applies the method to hundreds of different elastic-plastic oscillators under more than thirty recorded earthquakes. The mean ratio of the predicted value over the exact value of the displacement ductility demand is computed and plotted as a function of the vibration period of the oscillator for different values of the yield acceleration. The results show that, whatever the oscillator and the earthquake, the rigidplastic method leads to a generally conservative estimate of the inelastic displacement demand. Mean errors less than 15% are found both for comparatively short-period oscillators and for comparatively long-period oscillators. For medium-period oscillators, the relative mean error is generally less than 30%, even for very high levels of ductility demand. Some advantages of the rigid-plastic method with respect to other approximate methods are also discussed in the paper.
Introduction
The assessment of the earthquake ductility demand on structures is often carried out by means of approximate methods, most of which are based on the theory of linear elastic oscillators, cf. e.g. Rosemblueth and Herrera [1] ; Gulkan and Sozen [2] ; Iwan [3] ; Kowalsky et al. [4] ; Newmark and Hall [5] ; Miranda [6] .
An alternative method was proposed by Paglietti and Porcu [7] and subsequently improved by Porcu and Carta [8, 9] , which predicts the maximum plastic displacement of an elastic-plastic oscillator from that of a rigid-plastic oscillator possessing the same ratio between yield strength and mass (yield acceleration). The peak displacement of the latter can be obtained from the earthquake rigid-plastic pseudo-spectrum, which is a single-curve response diagram (Paglietti and Porcu [7] ; Domingues Costa et al [10] ; Porcu and Mascia [11] ). Section 2 recalls how the rigid-plastic method can be applied in practice.
To evaluate the reliability of such a method, the present paper analyses the results from hundreds of different elastic-plastic oscillators subjected to a significant variety of recorded ground motions. The mean ratio between estimated and calculated values of the displacement ductility demand is evaluated as a function of the period T of the oscillator for different values of the yield acceleration. The results provided in Section 3 show that the rigid-plastic method is generally conservative. Moreover, it leads to small relative errors both in the short and in the long period range. Whereas in the medium period range the error may reach 30%. In order to keep the errors of the rigid-plastic method below small percentage also in this range, an improvement of the empirical formula to be applied for medium period oscillator would be advisable. It should be noted, however, that these errors usually refer to high levels of ductility demand.
Some favourable features of the rigid-plastic method are finally discussed in Section 4. The method may be, in fact, faster to apply than other approximate methods available in current literature, which usually require iteration procedures to estimate the ductility demand on a structure. In addition, it singles out the range of periods in which the considered elastic-plastic oscillators may plastically yield under a given earthquake. This is a general result, which can be exploited by any method that aims to predict the earthquake inelastic displacement demand. Also when compared to other approximate methods, the rigid-plastic method is shown to provide good enough estimates, even when the plastic displacements are very large.
Other authors adopted a rigid-plastic approximation to model the response of ductile structures (e.g. Makris and Black [12] ; Hibino et al. [13] ). A rigid-plastic approach was also recently proposed by Domingues Costa et al. [14] , which predicts the maximum plastic displacements of MDOF buildings by means of equivalent generalized SDOF systems. Thanks to this, the rigid-plastic method applied in the present paper could also be exploited to assess the seismic ductility demand of MDOF systems.
The rigid-plastic method prediction
The earthquake ductility demand of an elastic-perfectly-plastic oscillator can be defined by means of the following ratio:
also referred to as the ductility factor or displacement ductility ratio (Chopra [15] ). Here max u is the absolute value of the maximum displacement of the oscillator, while y u is the absolute displacement at yield. When the elasticplastic oscillator deforms into the plastic range, max u is greater than y u and, consequently, the ductility factor becomes greater than unity. In this case, max u can be decomposed as follows:
where max P u denotes the absolute value of the maximum plastic displacement. The ductility ratio then becomes:
On the other hand, the absolute displacement at yield y u is given by:
k, T, F y and y a being the stiffness, the natural period of vibration, the yield strength and the yield acceleration of the oscillator, respectively. The yield acceleration is given by the ratio between the yield strength y F and the mass M of the oscillator, and represents the maximum acceleration that the oscillator may reach during the motion (Chopra [15] ; Paglietti and Porcu [7] ). All displacements are here intended to be relative to the ground.
In view of eq. (4), the ductility factor can be also expressed as:
This equation shows that assessing the ductility demand for an elastic-plastic oscillator requires that max P u be known. For a given earthquake, max P u depends on the oscillator vibration period T, damping ratio  and yield acceleration y a . It should be calculated by numerical integration of the non-linear equations of motion of the elastic-plastic oscillator.
The rigid-plastic method proposed by Porcu and Carta [9] provides a simpler, though approximate, way to predict max P u . It leads to the following formulae: 
In the above formula time should be expressed in seconds.
In equations (6a)-(6c) max RP u represents the maximum displacement that would be reached under the given earthquake by a rigid-plastic oscillator possessing the same yield acceleration as that of the elastic-plastic oscillator under consideration. For a given earthquake max RP u only depends on y a , and can be calculated by integrating the non-linear equations of motion of the rigid-plastic oscillator, which are simpler than those of the elastic-plastic one (Paglietti and Porcu [7] ). Alternatively, and more quickly, it can be obtained from the rigidplastic pseudo-spectrum of the earthquake, (cf. Paglietti and Porcu [7] ; Porcu and Mascia [11] ; Domingues Costa et al. [10] ). An instance of how obtaining max RP u from a rigid-plastic pseudo-spectrum, for a given value of y a , is provided in (6) and (7) are two characteristic values of period that depend on the earthquake and are function of y a and  .
They can easily be obtained by intercepting the displacement elastic response spectrum with the following curves (Porcu and Carta [8] ): can be predicted directly from eqns (6) and (7). An example on how to get such a prediction is given in Figure 3 .
By introducing the estimated value of max p u into eqn (5), the ductility factor  is finally obtained. For the same instance considered in Figures 1-3 , Figure 4 plots both the predicted and the "exact" values of the ductility factor  . 
Mean relative errors in the rigid-plastic prediction
In order to evaluate the relative errors that can be made when estimating the earthquake ductility demand by means of the rigid-plastic method, the ratio between the earthquake displacement ductility factor as estimated by means of the rigid-plastic method, say  , and the "exact" value  of the same factor computed by a non-linear time-history analysis will be considered below. In view of eq. (3), this ratio can be expressed as:
where max P u  indicates the plastic displacement estimated through eqns (6) and (7) and max P u the calculated "exact" value. The ratio r gives the relative error we introduce when estimating the ductility factor  with the rigid-plastic method.
A comparison between eqn (10) and eqn (3) shows that r also gives the ratio between the estimated and the calculated total displacements. As the estimated and the calculated values of the plastic displacement tend to coincide, the ratio r tends to unity, which means that no error is committed in estimating the ductility demand, or, similarly, the total displacement. This obviously happens if T equals zero (rigid-plastic behaviour), and also when T is equal to * T , since in both these cases max . In all these cases, the rigid-plastic method predicts the earthquake displacement demand exactly. Otherwise, some errors can be produced. Table 1: Earthquakes considered in the present investigation.
To evaluate the extent of these errors, a numerical investigation was carried out. By referring to the earthquakes listed in Table 1 , the value of the ratio r as defined by eqn (10) was computed for elastic-plastic oscillators possessing different realistic values of a y and a damping ratio . The latter is a typical value for damping ratio when stress is at the yield point, cf. Chopra [15] . For each earthquake and for each value of , y a different values of natural period, ranging from zero to , T were considered. For each value of T , the mean value of the ratio r , say r M , was finally obtained. The resulting diagram is presented in Figure 5 . It shows that, whatever the yield acceleration and whatever the natural period T of the elastic-plastic oscillator, the rigid-plastic method does on average provide a conservative estimate of the displacement ductility factor (values of r M larger than one). In particular, the mean relative errors are generally lower than 30%. They are very low for 0. 
Evaluating the rigid-plastic method
Most of the approximate methods proposed in current literature estimate the earthquake ductility demand  by means of parameters that are function of  itself. As a consequence, they usually require iteration procedures which may also imply convergence problems, cf. e.g. Chopra and Goel [16] ; Miranda and Akkar [17] . An in-depth evaluation of the accuracy of some of these methods was done by Miranda and Ruiz Garcia [18] and by Akkar and Miranda [19] .
On the contrary, the rigid-plastic method does not involve any iteration procedure. Should the rigid-plastic pseudo-spectrum and the elastic response spectrum of the considered earthquake be available, the method predicts the inelastic displacement demand on any elastic-plastic oscillator by means of a direct procedure, see Section 2.
What is more, the rigid-plastic method spots the range of periods in which the inelastic demand prediction actually needs to be obtained under a given earthquake. This range is always given by 0 T T   . The actual value of , T which is different for different earthquakes and for different values of y a and  may be easily obtained from the elastic response spectrum of the considered earthquake, see Figure 2 . General as it is, this result could be adopted by any approximate method that aims at estimating the earthquake ductility demand on elastic-plastic oscillators.
Within the above range, the rigid-plastic method gives a good estimate of the peak plastic displacement of comparatively short-period oscillators (say 0.25 T s  ) and comparatively long-period oscillators ( 0.75 T s  ), see Figure 5 . On the contrary, high errors are generally encountered in the short period range when other approximate methods are adopted, as can be inferred from the diagrams presented by Miranda and Ruiz Garcia [18] and by Akkar and Miranda [19] . For 0.75 T s  the rigid-plastic method prediction is on average comparable with that of other approximate methods (cf. e.g. the results presented by Miranda and Ruiz Garcia [18] and by Akkar and Miranda [19] ).
In the medium period range the rigid-plastic prediction may be, however, less satisfactory. Here the empirical formula (7) plays a fundamental part for the rigid-plastic prediction. Most of the mean errors found in the range 0.25s 0.75 T s   (see Figure 5 ) can be actually put down to the appliance of such a formula. It should be noted that in the same range of periods some other approximate methods might give a better prediction on average (cf. Miranda and Ruiz Garcia [18] ; Akkar and Miranda [19] ). This could denote the need for an improvement of formula (7) .
The following points should be noted, though. The mean ratio r M plotted in Figure 5 is relevant to assigned values of y a , which may entail very high values of in the short-medium period range ( 10   , as Figure 4 shows. This means that the rigid-plastic method is able to estimate very high values of with reasonably narrow mean errors. On the contrary, rather low values of are usually assigned when evaluating the mean errors relevant to other approximate methods (for example  ranging from 2 to 6 is considered by Miranda and Ruiz Garcia [18] ). In addition, the errors relevant to these methods generally increase as increases, this being especially so in the medium period range (cf. Miranda and Ruiz Garcia [18] ; Akkar and Miranda [19] ). This means that also in the medium period range the rigid-plastic prediction can in fact be good enough, even when compared to that obtained by means of other approximate methods.
Conclusions
With the aim of evaluating the extent of the relative errors that can be made when the maximum seismic displacement of an elastic-plastic oscillator is estimated by means of the rigid-plastic method, a numerical investigation was carried out in the present paper. The results show that this method leads -on average-to conservative and fairly good predictions, whatever the oscillator and the earthquake, and even when the plastic displacements are very large. Mean relative errors lower than 15% are found both for short-period and long-period oscillators. For medium period oscillator the error is generally less than 30%. A profitable feature of the method is that of obtaining the ductility demand prediction directly in the range of periods where inelastic displacements may actually occur under a given earthquake. Moreover, the rigid-plastic prediction does not involve any iterative procedure, as many other approximate methods do. For short-period oscillators the mean error is generally much lower than that relevant to most of the other approximate methods. For medium-period and longperiod oscillators, a comparable mean error may be found with respect to other methods. Especially as the ductility demand increases.
